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1 Introduction 

In this paper, we are concerned with the exponential mixing property of stochastic models 
for the incompressible second grade fluid which is a particular class of Non-Newtonian fluid. 
Let O be a connected, bounded open subset of M 2 with boundary 80 of class C 3 . We consider 
equation 


d[u — aAu) + f — vAu + curl(u — aAu) x u + Vfpjdf (1.1) 

= <f>(u)dW, in O x (0, oo), 

under the following condition 

( div u — 0 in O x (0, oo); 

< u — 0 in OO x [0, oo); (1.2) 

y w(0) = u 0 in O, 

where u = (wi, W 2 ) and represent the random velocity and modified pressure, respectively. 
W is a cylindrical Wiener process on a Hilbert space U defined on a complete probability 
space (fi, J 7 , {iFt)t>o, P), and 4>(u)dW represents the external random force. 
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The interest in the investigation of the second grade fluids arises from the fact that it is 
an admissible model of slow flow fluids, which contains a large class Non-Newtonian fluids 
such as industrial fluids, slurries, polymer melts, etc.. Furthermore, the second grade fluid 
has general and pleasant properties such as boundedness, stability, and exponential decay 
(see 0). It also has interesting connections with many other fluid models, see mmm 
mmmm and references therein. For example, it can be taken as a generalization 
of the Navier-Stokes Equation. Indeed equation (II.Hi reduces to Navier-Stokes equation 
when a = 0. Furthermore, it was shown in [TO] that the second grade fluids models are 
good approximations of the Navier-Stokes equation. Finally we refer to m m l i for a 
comprehensive theory of the second grade fluids. 

The stochastic model of two-dimensional second grade fluids mil has been recently 
studied in [TO], [IB] and ra. where the authors obtained the existence and uniqueness of 
solutions and investigated the behavior of the solution as a —> 0. We mention that the 
martingale solution of the system (11.11) driven by Levy noise are studied in [TO] . 

In this paper, we establish the exponential mixing property of stochastic models for the in¬ 
compressible second grade fluid driven by multiplicative, but possibly degenerate noise. The 
exponential mixing characterizes the long time behaviour of the solutions of the stochastic 
partial differential equations. More precisely, under reasonable conditions, we showed the 
equation m» has a unique invariant measure, and the law of the solution converges to 
the invariant measure exponentially fast. We will apply the criterion established in [TO] by 
Cyril Odasso. To this end, we need to prove the exponential integrability of certain energy 
functionals of the solutions, which is non-trival. 

This article is divided into four sections. In Section 2, we present some preliminaries. 
Section 3 is devoted to the formulation of the main result. The proof of our main result is 
given in Section 4. 

2 Preliminaries 

In this section, we will introduce some functional spaces and preliminary facts which will be 
used later. 

Let 1 < p < oo, and let A; be a nonnegative integer. We denote by L p (0) and W k,p (0) 
the usual L p and Sobolev spaces, and write W k,2 (0 ) = H k (0). Let Wq’ p {0) be the closure 
in W k,p (0) of C™(0) the space of infinitely differentiable functions with compact support 
in O. We denote W 0 ’ 2 (O ) by Hq(O). We endow the Hilbert space Hq(O) with the scalar 
product 


((«,«)) 


Vm • Vvdx 


'o 



du dv 
dxi dxi 


dx, 


(2.3) 


where V is the gradient operator. The norm || ■ || generated by this scalar product is equivalent 
to the usual norm of W 1,2 (0) in Hq(0). 

In what follows, we denote by X the space of Revalued functions such that each compo¬ 
nent belongs to A". We introduce the spaces 


C = |w G [C^°((D)] 2 such that div u = 0 j, 
¥ = closure of C in H 1 ((9), 


(2.4) 
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H = closure of C in L 2 (0). 

We denote by (-, •) and | • | the inner product and the norm induced by the inner product 
and the norm in L 2 {0) on HI, respectively. The inner product and the norm of HIq(( 9) are 
denoted respectively by ((•,•)) an d 11 • ||- We endow the space V with the norm generated by 
the following scalar product 

(u, v)y = ( u , v ) + a((u, v)), for any v G V; 

which is equivalent to || • ||, more precisely, we have 

(V 2 + a) _1 ||u||y < ||u|| 2 < a _1 ||u||y, for any v eV, (2.5) 

where V is the constant from Poincare’s inequality. 

We also introduce the following space 

W = {u G V such that curl{u — a A u) G L 2 (0)}, 

and endow it with the norm generated by the scalar product 

(u, u)w = {u,v)y + (curl{u — aAu), curl(v — . (2.6) 

The following result states that the norm induced by (•, -)w is equivalent to the usual H 3 (C ) )- 
norm on W. This result can be found in 0 . Bl and Lemma 2.1 in [16] . 

Lemma 2.1 Set W = G H 3 ((!?) such that dfvy = 0 and v \qo = oj. Then the following 
(algebraic and topological) identity holds: 

W = W. (2.7) 

Moreover, there is a positive constant C such that 

IMIh3 (0 ) < c(\\v\\y+\curl(v-aAv)\ 2 y (2.8) 

for any v G W. 

From now on, we identify the space V with its dual space V* via the Riesz representation, 
and we have the Gclfand triple 


WcVcW*. (2.9) 

We denote by (/, v) the action of any clement / of W* on an element v G W. It is easy to 
see 

(v,w)y — (v,w), Vv G ¥, VwG W. 

Note that the injection of W into ¥ is compact. Thus, there exists a sequence {e* : 7 = 
1, 2, 3, • • • } of elements of W which forms an orthonormal basis in W. The elements of this 
sequence are the solutions of the eigenvalue problem 

(u, e*) w = A i(v, ej) v , for any v G W. (2.10) 

Here {A* : i = 1, 2, 3, • • •} is an increasing sequence of positive eigenvalues. We have the 
following important result from [3] about the regularity of the functions e*, i — 1, 2, 3, • • • . 
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Lemma 2.2 Let O be a bounded, simply-connected open subset of R 2 with a boundary of 
class C 3 , then the eigenfunctions of I \2.10l ) belong to H 4 (0). 

Consider the following “generalized Stokes equations”: 


v — aAv = f in O, 

div v = 0 in O, (2.11) 

v — 0 on dO. 

The following result can be found in [21], |22j . Theorem 2.5 of [18] and Theorem 2.2 of 

HE], 

Lemma 2.3 Let O be a connected, bounded open subset o/K 2 with boundary 80 of class C l 
and let f be a function inM 1 , l > 1. Then the system H2.11 \) admits a solution v G EI i+2 DV. 
Moreover if f is an element of H, then v is unique and the following relations hold 

(v,g)\ = {f,g ), for any g G ¥, (2.12) 


and 


IMIw < K II/IIv- (2.13) 

Define the Stokes operator by 

Au = -PAu, Vw G D(A) = H \0) D ¥, (2.14) 

here we denote by P : L 2 (0) —> El the usual Hclmholtz-Leray projector. It follows from 
Lemma 12.31 that the operator (/ + aA)^ 1 defines an isomorphism from H^O) D El into 
U l+2 (0) flV provided that O is of class C\ l > 1. Moreover, the following properties hold 

((/ + aA)~ 1 f,g)y = (/, g), 

\\(I+ aA)~ 1 f\\ w < K\\f\\ v , 

for any / G EI^C?) fl V and any g G V. From these facts, A = (/ + aA)^ 3 A defines a 
continuous linear operator from EI ? (C>) fl V onto itself for l > 2, and satisfies 

(Au,g)y = {Au, g) = (( u,g )), 


for any u G W and g G V. Hence, for any uG W 

{Au, u)y = ||w| 
Let 


b{u,v,w) = V / 


dv i j 
u i -— J -Widx, 

dxi 3 ’ 


for any u,v,w G C. Then the following identity holds(see for instance [6] [I]): 

{{curlQ) x v, w) = b{v, <h, w) — b{w, <h, v), (2-15) 

for any smooth function <h, v and w. Now we recall the following two lemmas which can be 
found in [16] (Lemma 2.3 and Lemma 2.4), and also in [6] [I]. 
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Lemma 2.4 For any u,v,w G W, we have 


\(curl(u — aAu) xv,w)\ < /^||u||h3|M|v||w||w) 


and 


Set 


| (curl(u — aAu) x u,w)\ < @||m||y||w||w 


B(u, v ) = curl(u — aAu ) x v, Wu, v G W. 


(2.16) 


(2.17) 


3 Formulation of the main result 


In this section, we will state the precise assumptions on the coefficients and collect some 
preliminary results from (TS] and [TB], which will be used in the following sections. 

Assume that {I¥(s), s G [0, oo)} is a {/-cylindrical Wiener process admitting the follow¬ 
ing representation: 

W = J2Pne n , 

n 

where (e n ) n is a complete orthonormal system of U and (/3 n ) n is a sequence of independent 
Brownian motions. 

Given Hilbert spaces Q\,Q 2 , we denote by C 2 (Qi,Q 2 ) the space of all Hilbert-Schmidt 
operators from Q 1 into Q 2 ■ And C(Qi,Q 2 ) denotes the space of bounded linear operators 
from Q i into Q 2 . Let (f) : ¥ —> C 2 (U,V) be a given measurable mapping. We denote by P/v 
the orthogonal projection from ¥ into the space Span(e i, • • • , e#)- Now we introduce the 
following conditions: 

(HO) The mapping 0 : V —* C 2 (I/, V) is bounded and Lipschitz, i.e., there exist constants 
R and L^ such that 

R = sup\\(j)(v)\\ 2 C2{UY) , 

and 

||0Oi) - (j>(v 2 )\\c 2 (u,Y) < L (f) \\v 1 -v 2 ||v, Vfi, v 2 G ¥. 

(HI) Recall the constant K in Lemma [2.31 and 0 in (12.1711 . There exists JVgN and a 
bounded measurable mapping #:¥—>■ £(¥, U) such that for any v G ¥ 

$(v)g(v) = P N , (3.18) 


and the viscosity constant v satishes 


J_^ ^ _ -i _ K ' L l \ > A , 1, 2(^ 2 + a) 

2@ 2 V 2 -\- a \ V 2 + a Ai / “ V A ia 2 


K 2 R. 


(3.19) 


Remark 1 AS.18\) can be seen as a non degeneracy condition on the low modes, and AS. 19 1) 
is a technique condition. 

Now we recall the concept of solution of the problem (11.111 in [T6J. 
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Definition 3.1 A stochastic process u is called a solution of the system if 

1. u( 0) = u 0 , 

2. u G L P (Q, T P; L°°([0, oo), W)), 2 < p < oo, 

3. For all t > 0, u(t ) is iFt-measurable, 

4■ For any t G (0, oo) and v G W, the following identity holds almost surely 


(u(t) — w(0), v)y + / [^((m(s), v)) + (curl(u(s) — aAu(s)) x u(s), v)]ds 


(4>(u(s))dW (s),v). 


Using Galerkin approximation scheme for the system (11.11) . Razafimandimby and Sango 
[16j obtained the following theorem (see Theorem 3.4 and Theorem 4.1 in [16]). 


Theorem 3.2 Let uq G W. Assume (HO) holds. Then 

(1) the system M.l\ ) has a unique solution, 

(2) the solution u admits a version which is continuous in V with respect to the strong 
topology and continuous in W with respect to the weak topology. 

Moreover, from the proof of Theorem 4.1 in PR], we have 


Theorem 3.3 Assume that u±,U 2 G W are Tt-measurable, and let [X] (t. + s), s > 0} and 
{X 2 (f+ s), s > 0} be two solutions of the system il.l\) with initial condition X\(t) = u\ and 
X 2 (t) = u 2 , respectively. Then, for any 0 G F t 

E^a(t + s, t)||Xi(f + s) — X 2 (t + s)||ylo^ 

< s(|K-w 2 ||^1o) +c J t+S E(a(l,t)\\X 1 (l)-X 2 (l)\\ 2 Y lo)dl, (3.20) 

here cr(l,t ) = exp ( - f t ||X 2 (s)||^(isj . 


Remark 2 By H 3. 2(f) . if U\ = u 2 on O G T t , then Xi(t + •) = X 2 (t + •) on O P-a.s.. 

For a W-valued, P) 0 -measurable random variable Y, let u(t 0 + -,to,Y) be the unique 
solution of (11.11) on the time interval [0, oo) with initial condition u(to,to,Y) = Y. Denote 


X x [t) = X (t, W, x) = 


u{t , 0, x), x G W; 
x, x G Y/W. 


(3.21) 


Then we define the operators V t : B b (V) —> B b (Y) as 


(PtfO(z) = 

where B b (V) is the space of bounded measurable functions on V. Let C b (V) be the space of 
bounded continuous functions. 


Lemma 3.1 {X x , igV} defines a Markov process in the sense that, for every x G V, tp G 
C b ( Y), t,s > 0 

E[<p(X x (t + s))| Ji] = (V 8 <p){X x (t)), P-a.s.. (3.22) 
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Proof: Noticing that (13.22ft holds when x G Y/W. Now given x G W, we have X x {t) = 
u(t,0,x). To prove (I3.22p . it is sufficient to prove that 

E[ip(u(t + s, 0, x))Z\ = E[{V s (p)(u(t,0, x))Z] 

for every bounded J r t -nieasurable r.v. Z. 

Since, by Theorem 13.21 

u(t + s, 0, x) = u(s, t, u(t, 0, x)) and E(\\u(t, 0, x)||^) < oo, 
it is sufficient to prove that 

E[<p(u(t + s,t,q))Z] = E[{V s ip)(rj)Z] (3.23) 

for every W-valued J-)-measurable r.v. q. 

By (13.201) . for any given £„,£ G W, the strong convergence of £ n to ( in V implies that 
(V s tp)(Z,n) converges to Hence, to prove (13.2311 . it is sufficient to prove it for every 

r.v. q of the form q = Y2i=\ V t ^A i with rf G W and A 1 G Et- By Remark [21 we just need to 
prove (1 3.2 .'ll) for every deterministic q G W. 

Now the r.v. u(t+s, t, q) depends only on the increments of the Brownian motion between 
t and t + s, hence it is independent of T t - Therefore 

E[(f(u{t + s, t, q))Z] = E[<p(u(t + s , t, q))}EZ. 

Since u(t + s, t, q) has the same law of u(s, 0, 77 )(by uniqueness), we have E[<p(u(t + s, t, q))] = 
E[<p(u(s,0,q))} and thus 

E[(p(u(t + s, t, q))Z] = E[tp(u(s, 0, q))]EZ = E[<p(u{s, 0, q))Z\. 

The proof is complete. 

■ 

The space of probability measures on V is denoted by V(V). The aim of this paper is to 
prove the following result. 

Theorem 3.4 Assume that (HO) holds, and (HI) holds with some N G N. Then there 
exits an unique invariant probability measure /1 of (Vt)t& r+ V satisfying 

/ \\u\\w/J-(du) < 00, 

Jy 

and there exist C, 7 ' > 0 such that for any A G V(V) 

\\V* t \- ii\l<Ce~^(l + J || M ||^A(d«)). 

4 Proof of the main result 

This section is devoted to the proof of the main result. We first recall the general criterion 
established in |15j . 

Given a Polish space E, Lipb(E) will denote the space of all bounded, Lipschitz continuous 
functions on E. Set 

l = \t\oo + L v ,, <p G Lip b (E), 
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here | • |oo is the sup norm and L v is the Lipschitz constant of p. The space of probability 
meaures on E is denoted by 'P(E). It is endowed with the Wasserstein norm 

IMI* = sup | / p(u)p(du )|, peV(E). 

<p£Lip b (E),\\y\\ L <l JE 

Let (U, | • |c/) and (¥, || • ||y) be the two Hilbert spaces introduced before. We consider a 
Markov process T living in V and depending measurably on a cylindrical Wiener process W 
on U. T can be written as 

T(t)=T(t,W,z 0 ), 

where xq is the initial value T( 0 ,W, xq) = xq. We denote the distribution of T(-,W, rro) by 
!?(¥(•, W, xq )), and assume that W, xq )) is measurable with respect to ^o- Let [Vt)t >o 

be the Markov transition semigroup associated with the Markov family (Y(-, W, Xo)) xoe y. 

The basis idea behind the criterion in jT3] is to construct an auxiliary process T(t, W, x 0 ,x 0 ), 
which is “close” to T( t , W, x 0 ) and has a law absolutely continuous with respect to V(T (-, W, To))- 
More precisely, suppose that there exists a function 

T: [0, (X)) x C([0, oo); R) N x V x V 4 V, 
satisfying the following conditions. 

(A) For every xq,xq G ¥, T(-, W, xq, xq) is non-anticipative and measurable with respect 
to W. Moreover, 

(T(t),T(*)) = (T(f, W, x 0 ), T(t, W, x 0 , x 0 )) 

dehnes an homogenous Markov process and its law T>( T, T) is measurable with respect 
to Oo,T 0 ). 

(B) There exists a positive measurable function 'H : ¥ — > M + and a positive constant 7 
such that for any x 0 G ¥, t > 0, f3 > 0 and any stopping time r > 0, there exists 
Ci, C'p > 0 satisfying 

I E(n(T(t,W,x 0 ))) < e-^H(x 0 ) + c i; 

| E^e-^n(T(T,W,x 0 ))l T <oo) < n(x 0 ) + C'; 


(C) There exists a function /i:¥x¥gU such that for any (f, Xg,^) G [0, 00 ) x ¥ x ¥ 
and cylindrical Wiener process W on U, we have almost surely 


T(i, W,x],xl) = T[t,W + / h[T(s,W,xl),T(s,W,xl,xl) )ds,xi 


h o () 


(D) For any Xq,Xq G ¥ satisfying 

H(x 1 0 ) + H(a? 0 )<2C 1 , 

and for any cylindrical Wiener processes Wi , W 2 on U, set 

h(t) = h(T(t,W 1 ,x 1 0 ),f(t,W 1 ,x 1 0 ,x 2 0 )), 


(4.24) 


there exists 70 > 0 such that 


(Dl) there exists C > 0 such that 


P(|T0 t, W 2 , xl) - T (t, Wuxi )| v > Ce-^\ T(-, W u x, J, = T(-, W 2 , x 2 0 ) on [0, t] 

< Ce“ 70 ‘, Vf > 0; 

(D2) for any to > 0 and any stopping time r > t 0 , we have 

P^ J \h(t)\udt > Ce~ lot ° and T(-, W±,xl, xl) = T(-, W 2 , xl) on [0, r] j 
< Ce ~ lot °; 

(D3) there exists pi > 0 such that 

p(^ + °°|h(t)|^t<c) > Pl . 

Here is the criteria obtained [15] , 

Theorem 4.1 Under the assumptions (A)-(D), there exists a unique stationary probability 
measure p of ( Vt)tm+ on V, satisfying 

/ 7-L(u)dp(u) < oo, 

' 

and there exist C,y > 0 such that for any A G V(V) 

\\VfX-p\U <Ce~ yt (l + J H(u)dX(u)). 


4.1 The proof 

As a part of the proof, we will prepare a number of estimates for the solutions of the equation 

CD- 

From now on, we denote by C any generic constant which may change from one line to 
another. 

Set W m = Span(e i, • • ■ ,cm)- Let u M G W m be the Galerkin approximations of (11.11) 
satisfying 

d(u M , ef)y + z/((n M , ef))dt + b(u M , u M , efjdt — ab(u M , Au M , ef)dt + ab(e i: Au M , u M )dt 
= (0(n M ), G)dT(f), i G {1, 2, • • ■ , M}, (4.25) 

where the notation (0(w),ej) stands for the operator in C(U, R) defined by 

(0(n), ef)h = (4>(u)h, ef), Vh G U. 


Then 

OO OO 

||(0(n),e i )||£ 2 ( [/)R) = ^2(<f(u)ej, ei) 2 < HgIIh II^ , (' u )^IIh 

3=1 3=1 

OO 

< C||ei||e^ ||0(-u)ej||y < C\\<f(u)\\ 2 C2 ^jyy 
3=1 


We have the following result for u M . 






Lemma 4.1 Assume (HO) holds. There exist C\ and C^ only depending on u, a, R and 
O such that , for any t > 0, any /3 > 0 and any stopping time r. 


^(lk M Wllw)<e-^||dlw + ^ 


(4.26) 


and 

E(e-P T \\u M (T)\\ 2 w I T<00 ) < \\u™\\ 2 w + C}. 

Proof: Applying fto’s formula, we have 
d{u M , e*)y 

+2 (u M , ei)y v{{u M , e*)) + &(w M , u M , ef) — ab(u M , Am m , e*) + afe(ej, Au M , u m ) 

= 2(n M ,e i ) v ((/)(M M ),e i )rflP(f) + |(</>(M M ),e0l£ 2 (f/,K)^- 


(4.27) 


dt 

(4.28) 


Notice that ||u M ||y = YfLi Aj(w M ,ej)y. Multiplying by A* and taking summation over i, we 
get 


M 


d||M M ||y + 2 z/||w a/ || 2 gA = 2 (<f>(u M ),u M )dW(t) + ^ A;|(0(w a/ ), (4.29) 


i —1 


here we used the fact that b(u M ,u M ,u M ) = 0. 

Let G(u M {t )) be the operator in £ 2 (A, W) defined as follows. For any h £ U, G{u M (t )) x 
A £ W is the unique solution of the following equation. 

G(u M (t )) x ft - aA ^G(« M (ft)) x hj = <j)(u M (t)) x h in O, 

G{u M (t)) x h = 0 on dO. 

By Lemma 12.31 such a solution uniquely exits. Moreover, 

(■ G(u M (t )) x A, ej) v = (0(u M (t)) x h, e*), Vi £ {1, 2, • • ■ , M}, (4.30) 

and there exists a positive constant K such that 

II G{u M (t)) x A|| w < KU(u M {t)) x A|| v , 

which implies that 

l|G(« M (t))||L( [ /,W)<^ 2 ||0(u M (t))||| 2W y ) . 

Hence by (12. 10|) . 


M 


^A i |(0(u M (f)),e i )|£ 2(f7)E) 

1=1 

M 


— W(G(u M (t)), e^vl^^ig-) 

2=1 

M 1 ~ 

= T~l(^(^ M (^))) e i) w lLfi7,R) 

;_ 1 1 
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“ ^l|G(« M (t))||£ a ( t , > W) 

K 2 „ 

- A^' 

Combining this with (j4.29j) . we obtain 

d\\u M \\y + 2v\\u M \\ 2 dt < 2 (cj)(u M ),u M )dW(t) + Rdt. 

Ai 

Denote ||u||* = \curl{y — aAr>)| for any v G W. Next we estimate ||u M | 
Setting 

^(u M ) = —vAu M + curl{u M — aAu M ) x u M , 

we have 

d(M M ,ej)v + (T(-u M ), ei)dt = ( 4>(u M ), ei)dW(t ). 
Noting G H 1 (0). By Lemma [2.31 there exists unique solution v 


Moreover, 


Thus 


v M — aAv M = T(u M ) in 0\ 
v M = 0 on dO. 


(v M , e,) v = C), Vi G {1, 2, • • • , M}. 


d(u M ,ei)y+ (v M ,ei)ydt = ei)dW(t). 

By flOOD and (12J0D . we have 

A i(4>(u M ),ei) = (G(u m ), ej)w- 
Multiplying A* to (I4.33p . it follows that 

d(u M , Cj)w + {y M , ei)y/dt = (G(u M ), e^yydW ( t ). 
Applying ltd’s formula, we have 

d{u M , e*)^ + 2 (u M , ei) w (v M , e^dt 
= 2(u M , e,)w(G ! (u M ), ei)wdW(t) + |(G(w A/ ), 


and hence 


d\\u M \\ 2 w + 2(v M ,u M ) w dt 


M 


2(G(u M ),u M ) w dW(t) + ^2 l(G'(w M ),e J )wlL(i/,M)^ 


Z=1 


By (12.61) we rewrite the above equation as follows 

,M|12 + ||u A/ || 2 ] + 2 (v M ,u M )y + [curl{u M — aAu M ),curl(v 


\u 


M 


(4.31) 

(4.32) 

G W satisfying 

(4.33) 


aAv M )^j dt 
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M 

= 2(G(u M ),u M ) v dW(t) + J2\(G(u M ),e,) w \hm) dt 

Z— 1 

+2 [curl{u M — a A u M ),curl(G(u M ) — a A G(u M ))^dW(t). 

Using the definition of v M and G (see fl4.,3()H i. we obtain 

d[\\u M f Y + \\u M \\l] + 2 [(\ l /(' u M ), u m ) + [curl(u M — olAu m ), curl(^(u M ))^ 

M 

= 2 (<j>(u M ),u M )dW{t) + J2 X2 i\^( uM ^ ei ^£2(u,R)dt 


+2 (curl{u M — aAu M ),curl(<j)(u M )) S jdW(t). 

Subtracting (I4.29|) from the above equation, we obtain 

d||u M ||* + 2 (curl(u M — aAu M ),curl(^>{u M )) S jdt 

M 

= 5Z0\ ? - \)\($(u M ),ei)\ 2 C2m dt 

i=l 

+2 [curl{u M — aAu M ),curl((j)(u M ))^dW(t), 

here we used the fact 2 (^(u M ),u M ) = 2z/||'U A/ || 2 . 

Since 

curl[curl{u M — aAu M ) x u M ^j = ( u M ■ 'V)(curl(u M — aAu M )), 
we have ^' curl (u M — aAu M ),curl(curl(u M — a A u M ) x u M 'j j = 0. Hence 


dt 


(4.34) 


[curl{u M — aAu M ), curl(^(u M ))^ 

= (curl(u M — aAu M ), curl(—uAu M )^j 

= — ||w M || 2 — —(curl(u M — aAu M ),curl u M \ 
a a \ / 

It follows from (j4.34[) that 

d\\u M \\l + —\\u M \\ldt — ~(curl(u M — aAu M ),curl u M ^\dt 
a a V / 

M 

= - K)\(^ M ),ei)ll^uj^dt 

i=l 

+2 (curl{u M — aAu M ),curl((t)(u M ))'jdW(t). (4.35) 

Using the fact that 

2 

\curl(u)\ 2 < — IHIv for any u G W, (4.36) 

a 

we have 

(curl(u M — aAu M ), curl u M ^j 
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< \^\\u M (s)\W\\u M (s)\U 
V a 

< h\u M (s)\\lds+ -||u M (s)||^. (4.37) 

2 a 

Using similar arguments as that for (14.31)1 . we have 

M 1 

+ A j )|(0(« M ( S )),e j )| 2 2([ , iM) < (1 + -)K 2 R. (4.38) 

i= 1 1 

Combining (14.3511 . (14.3711 and (14.38(1 . we arrive at 


d\\u M \\l +—\\u M \\ldt < ^r\\u M \\ydt + (1 + -d-)K 2 Rdt 


a 


OL 


Ah 


+2 (curl{u M — aAu M ),curl((j)(u M ))JdW(t). 
By (12.511 . (14.32(1 and (I4.39p . we obtain 


d\\u M \\^ + l\\u M \\'^dt < l 0 Rdt + ( 2 + 


,M || 2 


4 ( 7 ^ + a )\r>f„.M\ 


cr 




«ll« M (()fe<e-“|| U M (0)||5»+^. 


(4.39) 


+2 [curl(u -«A u ), curl (cj)(u))jdW(t), (4.40) 

here ( = („ = (1 + A + 2J ^)K 2 . 

Applying chain rule to e zt ||tt M ||^ and taking the expectation, we obtain 


which is the desired inequality (14.26(1 . 

Let f3 > 0 and r be a stopping time. Applying Ito’s formula to e -/3t ||'U M (f)||^, we have 


d(e pt \\u M \\^)+e ^(/3 + l)\\u M \\^dt 

< e~P%Rdt + (2 + 4 (^ 2 + a ) )e -f*U(u M ) , u M )dW(t) 

a 2 

+2 (curl(u M — aAu M ), curl(4>(u M ))^dW(t). (4.41) 

This implies that, for any n G N, 

£(e-«"">||«"(TAn)fc) < (4.42) 

Letting n —> oo, we obtain (14.27 (1 . 

The proof is complete. ■ 

Denote by u(-,W, Uo) the unique solution of (11.111 with initial value Uq. By similar ar¬ 
guments as in the proof of Theorem 4.2 in [16], we have the following lemma which will be 
used later. 
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Lemma 4.2 The sequence of Galerkin approximations (u m )m>i satisfies 


lim E(\\u 

M—>-oo 


M 


( t ) - w(t)||v) = °. * > °> 


u M (t) - u(t)\\ydt) = 0. 

By Lemma 14.11 we deduce that 

u M ft) —* uft, W, Uq) weakly in L 2 (f2, J 7 , P; W). 

Furthermore, the following result holds. 

Proposition 4.2 Assume (HO) holds. There exists constant C\ only depending on is, a, R 
and O such that , for any t > 0, 

E(\\u(t,W,u 0 )\\ 2 w ) < e-Allnollw + Ci- (4-43) 

Moreover, for any (3 > 0, there exits a constant C) such that for any stopping time r, 

E(e-^\\ U (T,W,u 0 )\\ 2 w I T< oo) < IMIw + C\. (4.44) 


lim E( f 

M^roo J q 


Recall / = v f +a and Iq = (1 + Dehne the energy functional 

E,(t) = \\m\\ 2 w +tJ‘ ii/wiii*. 


Lemma 4.3 Assume (HO) holds. There exists n > 0 such that for any n 0 < hi/2 


E 


t> o 


exp f K 0 sup- l 0 Rt)) < 2exp(K 0 ||no / (0)||w)- (4.45) 


Proof: Set 


Aft) = I (2+^—— ^-^-)((j)(u M ), u M )dW(s)+2 I [curl{u M —aAu M ),curl(4>{u M )) s jdW{s). 


It is easy to see that 


Let k — A- { and 


By «O0D , we have 


d(A)(t) < cR\\u M \\^dt. 


hi 


A K (t) = Aft ) - -(A) ft). 


E u Atft) < ||w (0)11 w + loRt + A K ft). 


(4.46) 
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(4.47) 


Since e nAK is a positive supermartingale whose value is 1 at t = 0, we have 

P( sup^l K (t) > p) < P[ sup exp(nA K (t)) > exp (np)) < exp {—up), 

\ t >o 7 V i> 0 / 

which implies, letting kq < k/2, 

E(e K ° sup aA = i + Ko f e Koy p( sup A K (t) >y)dy< 2. (4.48) 

7 Jo ' t >o 7 

Combining (14.48(1 and (14.461) . we deduce 04.451) . 

■ 

Setting p > 0. Let u M G W M be the solution of the following SPDE 

d(u M , ei)y + u((u M , ei))dt + b(u M , n M , ei)dt — ab(u M , Au M , ei)dt + a&(ej, Au M , u M )dt 
= (pP N (u M - u M (t, W,u 0 )),ei)ydt + (<f>(u M ),ei)dW(t) (4.49) 

for any z G {1, 2, • • • , M}, with initial value h A/ (0) = PmU o> u o G W. 

Lemma 4.4 Assume that (HO) and (HI) hold. There exist w > 0 and > 0 such that 

supE^e t ||r M (t)||Y + J e s ||r M (s)||vdsj ) 

< 2||r M (0)||rexp(« 0 ||n M (0)||^) (4.50) 

where um = u M — u M . 

Proof: Note that 


d(r M , e*)y + v((r Ml e^dt + (SB, ej)dt + p(P N r M , e*)v dt = (SqJ e^dW ( s ), 

here SB = B(u M ,u M ) — B(u M ,u M ) and S<J = <J(u M ) — <J(u M ). 

Applying Ito’s formula to (r M , e^y, and remenbering that ||rjw||y = YlfLi \( r M, Ci)y, we 
have 


^II^mIIv + 2v\\r M \\ 2 dt + 2 (SB, r M )dt + 2 (pP N r M , r M )ydt 


M 


2 (S(j),r M )dW(t) + '^2\\(S(j),e i )\ 2 C2{UM) dt. 


i —1 


By (EH}, 

\2(SB,r M )\ = \2(B(r M ,r M ,)u M )\ < 20||r M ||v||« M ||w < II^mIIv + @ 2 || r 'M||vl|M M ||w 

By the similar arguments as that for the proof of (14,.311) . 

' 2 K 2 L 2 j 


M 


Aj|(d0, ei)\^u,R) 


2=1 

k 2 lI 


K 2 

~ (t/,v) A 


Ai 


-IMlv- 


SetZi = ^-l- Al 

12 


> 0 and setting Ai = © 2 , we have 


d\\r M \\y+ [h - Ai||n M ||w)ll r M||ydt < 2 (S<j),r M )dW(t). 
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Set Gi(t) = e ht+Al to ll“ M 0)llw ds . By the chain rule, we have 

rf(e*G ! r 1 (^)ll 7 "Ar||v) + e*G'h 1 (t)||r M ||v^ < 2e t Gf 1 (t)(Scj), r M )dW(t). 
Integrating the above inequality and taking expectation, it follows that 

E(e t Gi 1 (t)\\r M (t)\\l + e s Gh 1 (s)||r M (s)||vds) < ||r M (0)||y. 
By Holder inequality, 


(4.51) 


£(KIM«)llv + J e*||r M (s)||4<fa 


t> 0 


< E(sapGf B (t))[E[e t G 1 1 (t)\\r M (t)\\y + / e s G 1 1 (s)||r M (s)||yds)) . (4.52) 


Choosing w > 0 sufficiently small, it follows from Lemma [4.31 and condition (HI) that 
E(svLpGl w (t)) = E{ supe- 2 ^ lt+2Airo ^l |uM(s )llw ds ) 


t> o 


t> 0 


< E{ supe^^W"^) 


t>o 


/ ( AwX .. . M . 

< E ( exp ( sup —— ( E u m (t) - —t) 

\ \ t> 0 t 42 Ai 

(14.511) (I4.52|) and (I4.53j) imply (14.501) . The proof is complete. 


hi 


(4.53) 


there exits a 


Recall X x defined by (13.211) . By Theorem 3.4 and Theorem 4.1 in 
unique solution u = u(-, IT, Mo, ho) satisfying 

d(u — a A u) + ^ — vA u + curl{u — a A u) x v^jdt + pP N ((u — X u °) — a A (u — X u °))dt 
= <t>(u)d,W, (4.54) 

with initial value h(0) = Uq G W. 

By Lemma [4.21 and using similar arguments as Theorem 4.2 in [16j, we have 
Lemma 4.5 The sequence of approximations (u m )m >i satisfies 

lim E(\\u M (t)-h(t)r Y ) = 0, 

oo 


lim E{ [ || u M (t) — w(t)Hydt) = 0. 

M->oo J Q 


Combining Lemma EOl Lemma 14.51 arid Lemma 14.41 arid applying Fatou’s lemma, we have 


Proposition 4.3 Assume that (HO) and (HI) hold. There exist w > 0 and n 0 > 0 such 
that 


h;((e*||r(t)||y + J e s ||r(s)||yds 
< 2||r(0)||y C7 exp(ft 0 ||w 0 ||w) 


(4.55) 


where r(t) = u(t ) — u(t). 
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4.2 Completion of the proof 

Now we verify the assumptions (A)-(D) of Theorem 14.11 Denote the solution of (j4.54[) by 
u(t,W,uo,uo). Set 


X(t, W,xo,x 0 ) = 


u(t,W,x 0 ,x 0 ), x 0 eW] 
x 0 , x 0 e V/W, 


(4.56) 


and recall (13.21)) . We set (T(i), Y(t)) = (X(t,W,xo),X(t,W,xo,xo)). Then (A) is a conse¬ 
quence of the well-posedness of the equations. 

We set TL = || -||^. By Propositionwe have (B). Let h(u 0 ,ui) = —g(ui)pPN(ui—u 0 ) 
and recall (HI), then (C) holds. 

By (HI), we have 

1 . 


p(|T(f, WV,4) - T («, IV,4)| v > Ce-»*,T(-, IV, 4- 4) = T(-, IV, 4] on [O.t]) 
= P(l|r(<)llv>Ce^»‘); 


2. for any i 0 > 0 and any stopping time r >t 0 , 

P(j m\Ut — Ce~ lot ° and T(-, IV], Xq, x%) = T(-, W 2 , Xq) on [0, r] j 
<p(^ r ||r(i)||^>Ce-^ 0 ); 


p(^ + °° \h{t)\ 2 v dt <C)> P^ f^ 00 ||r(t)||£dt < C). 

By Chebyshev inequality, we deduce (D) directly from Proposition 14.31 
Thus, we can apply Theorem 14.11 to obtain our main result Theorem 13.41 
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